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Motivation

1Motivation

oThegoalofexperimentalparticlephysics:

Byinvestigationoftheinteractionsofelementaryparticlestheexperimentprovidesthe

datawhicharerequiredtodeveloporverifytheories(mathematicaldescriptionsof

phenomena).

oOnamacroscopictimescaletheresultofacollision,i.e.aninteractionoftwo

elementaryparticles,isagainparticleswhicharecharaterizedbytheirmomenta,

chargesandmasses.

oTheaimof’vertexreconstruction’istoachieveoptimalknowledgeofthemomentaand

thevertexpositioninspaceofchargedparticlesatthevertex.

oInmostcollisionexperiments,reconstructionoftracksofallchargedparticlesis

performedfirstandindividuallyforalltracks.
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Motivation

oHowever,tostudythepropertiesoftheunderlyingphysicsofthereactionbest

knowledgeofthemomentaoftheparticlesattheinteractionvertexisrequired.

oEnergyandmomentumconservationcontributevaluableconstraintsforabetter

understandingofthereactiondynamicsbystudyingthepropertiesofthereaction

products(kindofparticles,angulardistribution,etc.)

Figure1:Anelectron-positron

colliderexperiment(schematic

nottoscale)
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Thereconstructionofindividualchargedtracks

2Thereconstructionofindividualchargedtracks

2.1Fromdetectorsignalstotracks

oChargedparticlescanbemeasuredinanon-destructivewaybycreationoffree

charges,which,aftersuitablemultiplicationand/oramplification,canberegisteredby

thefrontendelectronics.

oThecreationoffreechargesisachievedeitherbyionisation(ingaseousdetectors)or

bythecreationofelectron-holepairs(insemiconductordetectors)

oTheresultcanbeinterpretedasthemeasurementofacoordinateorapairof

coordinates,which,togetherwiththeknowledgeofthedetectorsurface,resultsinthe

knowledgeofaspacepoint.
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Thereconstructionofindividualchargedtracks

Figure2:Amultiwireproportionalchamberwith

thefieldlinesandtheequipotentiallinesfromthe

highvoltage.Chargemultiplicationoccursex-

pononetiallyintheregionaroundthesensewire

wherethefieldgrowslike
1

r.

Figure3:Asilicon-microstripdetector.

Theelectricfieldofthedepletionvolt-

ageactsasdrivingforceforelectronsand

holes.Atypicalthicknessofthesilicon

waferis200µm
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Thereconstructionofindividualchargedtracks

oPatternrecognition,tracksearchandtrackfittingareoftenperformedasproperly

separatedtasks.Inpatternrecognitionthecoordinatesarelinkedtotrackcanditates,

andfinallyanoptimalsetofcompatibletrackswillbeselected.Somepartialiteration

proceduremightbenecessaryafterthesubsequenttrackfittingmodul.

oTheaimoftrackfittingistoobtaintheultimategeomtricalresolutionfromthe

measuredcoordinates.Thisinvolvestheknowledgeofawelldefinedtrackmodel,see

paragraph3.2.Thehypothesisthatthesetoftrackcoordinatescorrespondstoareal

physicaltrackissubmittedtoitsfinalconfidencetest.Ithasturnedoutthatinmost

casestheleast-squaresmethod(LSM)meetsbesttherequirementsoftrackfitting,

givinganoptimalestimatefortheinitialtrackparametersandsomehelpfultest

quantities.
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Thereconstructionofindividualchargedtracks

2.2Trackfittingandtheleastsquaresmethod

oForthetransitionfromfittingindividualtracksingeneraltothefitofacommon

vertexoneorseveralreferencesurfacesintheneighbourhoodofthevertexarechosen.

Afrequentchoiceistheinnerboundaryofthebeam-tubesurface.

oIfthemagneticfieldisknown,atrajectory(track)isdefinedbyitsinitialconditions

whichconsistof5parametersatthereferencesurface:

–theintersectionofthetrajectorywiththereferencesurface(p1,p2)

–2directions(p3,p4)andtheabsolutevalueoftheinverseofthemomentumorthe

momentumvector(p3,p4,p5)itself.

Weshallcallthesen-tupeloffiveparametersthe’parametervector’p.
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Thereconstructionofindividualchargedtracks

oThenextstepistoconstructthetrackmodel:Thetrackmodelf(p)describesthe

intersectionimpactofatrajectorydefinedbytheinitialparameterspwiththe

detectorsurfaceswhichmaybeobtainedfrompatternrecognition.Inahomogeneous

magneticfieldthetracectorywouldbeahelix.

oIfpatternrecognitiondidagoodjob,i.e.p0issufficientlyneartothetrueinitial

conditionspt,thetrackmodelcanbelinearizedbyaTaylorexpansionoffirstorder:

f(p)=f(p0)+
∂f

∂p

˛
˛
˛
˛
p0

(p−p0)+O(p−p0)
2

with
∂f

∂p

˛
˛
˛
˛
p0

≡D(1)
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Thereconstructionofindividualchargedtracks

oThecorrespondingmeasurement

vectoristhesumoftrueintersec-

tionsf(pt)smearedbythemea-

surementerrorεrwhichisaran-

domquantity:

cr=f(pt)+εr(2)

(wheneveritisnotnecessarytodis-

tinguishbetweentherandomprop-

ertyofameasurementerrorand

arealisationofameasurementthe

subscript’r’isomitted.)

Figure4:Referenceplane,thefivedimensionaltrackparam-

eterprandthe’impactfunctions’fi(pr),i=1,...,n
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Thereconstructionofindividualchargedtracks

oTheleastsquaresmethod(LSM)

appliedintrackfittingtriestomin-

imizethefunction

M(p)=[f(p0)+D(p−p0)−m]
T
·

·W[f(p0)+D(p−p0)−m]

(3)

wheremisa’realisation’oftheran-

domquantityc,i.e.aspecificsetof

measurementcoordinatsbelonging

toonetrack
a
.

aVisthecovariancematrixofthe

measurementerrorsV=<ε
T
rεr>,

whileW,the’weightmatrix’isitsin-

verse.

Figure5:Inmanystorageringexperiments,themag-

neticfieldisrotationallysymmetricaroundthebeam

axis.Inthiscasethereferencesurfaceisoftenchosen

tobeacylinder
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Thereconstructionofindividualchargedtracks

oDifferentiatingMwithrespecttop

andputting
∂M

∂p=0yieldsforthe

’fitted’valueofp̃:

p̃=p0+(D
T
WD)

−1
D

T
W(m−f(p0))

(4)

Thiscanbeinterpretedas’pulling

back’themeasurementtoaclos-

estpointcompatiblewiththe’con-

straintsurface’inthecoordinate

space(estimation).

Figure6:Thefittedvaluep̃onthefivedimensionalcon-

straintsurface(thesubscript’S’denotesscaledbythe

measurementerrorσ.Uncorrelatederrorsareassumed

forthepurposeofgraphicalrepresentation
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Thereconstructionofindividualchargedtracks

oWithalinearmodel,theLSMisthelinearunbiasedestimatorwithleastvariance

withintheclassoflinearestimations(’GaussMarkovtheorem’).

oThecovariancematrix(’errormatrix’)ofp̃isobtainedbyerrorpropagation:

V=cov(p̃)=<(p̃−pt)
T
·(p̃−pt)>=(D

T
WD)

−1
(5)

oThesetp̃j(j=1...n,numberofchargedtracks)andthecorrespondingcovariance

matricesVj(p̃j)isacompressedformofthedetectorinformation.IncaseofGaussian

measurementerrorsthiscompressionisevensufficient,andthefullinformationis

passedtothesubsequentvertexfit.
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Thevertexfit

3Thevertexfit

3.1Thestandardvertexfit

oFromaformalpointofview,theresultsofthesingletrackfit,thesetp̃k(k=1...n)

canbeconsideredasvirtualmeasurementsandinputtothevertexfit.

oForeachreconstructedtrackthereare5fittedtrackparameterspkandthe

correspondingcovariancematrixVk=Gk
−1

,definedatsomereferencesurface.Since

thetrackshavebeenmeasuredindependently,theerrorsarealsoindependent,with

theconsequencethattheglobal(5n×5n)covariancematrixofallpkis(5×5)

block-diagonal.

oWhenpassingfromtheoutersideofthebeamtubetoitsinnerside,onehasstillto

correctforthemultiplescatteringoccuringinthebeamtube:

V(p̃)←V(p̃)+VMS(6)

whereVMSaccountsfortheeffectofmultiplescatteringwhichactsmainlyonthe

covariancematrixofthedirections.
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Thevertexfit

oTheaimistheestimationofthe(3n+3)-dimensional’parametervector’composedof

thevertexpositionxandofthemomentumvectorsqkofalltracksatthecommon

vertex

oThefunctionaldependenceofthetrackparameterspkonthevertexparametersx

andqkareagaingivenbynonlinearfunctionspk=hk(x,qk).Thefunctionshkare

thereforeTaylor-expandedtofirstorderatsomepoint(x0,qk,0):

hk(x,qk)∼=hk(x0,qk,0)+Ak·(x−x0)+Bk·(qk−qk,o)=ck+Akx+Bkqk(7)

whereAk=
∂hk

∂x

˛
˛
˛
x0,qk,0

andBk=
∂hk

∂qk

˛
˛
˛
x0,qk,0

aretherespective(5×3)derivative

matricescomputedattheexpansionpoint,andtheckareconstant.

oIfthepositionofthevertexisknownaprioritosomeextentasisthecaseforthe

interactionregionofastoragering,thisknowledgecanbeaddedasanindependent

measurementofthevertexposition,withitspropercovariancematrix,e.g.formthe

varianceofthebeamparticledefoldedfromthemeasuredinteractionprofile:
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Thevertexfit

M←M+
(x−<x>)

2

σ
2

IP,x

+
(y−<y>)

2

σ
2

IP,y

 

+
(z−<z>)

2

σ
2

IP,z

!

a
(8)

whichisvalidonlyfortheprimaryvertex.

oThisleadstothefollowinglinearmodel:
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(9)

oThefirstrowisonlyneedediftheinteractionprofileisincludedintheLSM-Ansatz,

(seeequation(9))
a
optional;canalsobesuppressedbyzeroweightassignment.
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Thevertexfit

EstimatesofxandallqkcanbedeterminedbytheLSM

Mvertex(x,q1,...qn)=
“

∆x
T
,∆q

T
1,...∆q

T
n

”“

D
T
GD
”−1

(...)(10)

(seealsoequation(4))andthesolutionof
0
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@

x̃

q̃1

·
·
·
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C
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C
C
C
C
C
A

=M
−1
·N·

0

B
B
B
B
B
B
B
B
B
B
B
@

x

p1−c1

·
·
·

pn−cn

1

C
C
C
C
C
C
C
C
C
C
C
A

(11)

whereMisa(3n+3)×(3n+3)matrixandNisa(3n+3)×(5n+3)matrix,both

ofwhichcontainAk,BkandGk=V
−1

k.

oTheevaluationofM
−1

(whichisinfactthecovarianceoftheestimate)andofNis

stronglyfacilitatedbytheblockstuctureofthederivativematrixD(seeEquation(9))

andoftheweightmatrixGwithoutinteractionprofile:
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Thevertexfit
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(12)

with

M=(D
T
GD)

−1
,N=D

T
G(13)

andthecovariancefortheinteractionprofile(onlyifavailableandused,andagain

onlyfortheprimaryvertex):

VI=

0

B
B
@

σ
2

I,x00

0σ
2

I,y0

00σ
2

I,z

1

C
C
A(14)
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Thevertexfit

3.2Thetrackmodel

oInmostofmoderncolliderexperimentsasolenoidcreatesaquitehomogeneous

magneticfieldBinthecentralpartofthedetector;andinthevertexregioninsidethe

beamtubetheassumptionofanhomogeneousfieldisaverybenefitialapproximation

forvertexreconstruction.

oIfB=(0,0,Bz)
T

ischosentobeparalleltothez-axis,andintheequationsofmotion

thetimeisreplacedbythepathlengths:

ẍ≈ẋ×B(x),ẋẍ=(ẋ·(ẋ×B(x)))=0→ẋ=v=constant(15)

andtheequationsofmotiontakestheform(seealsofig.2.2):

d2x

ds2=
κq

P

dy

dsBz

d2y

ds2=−
κq

P
dx
dsBz

d
2
z

ds2=0

9

>>
=

>>
;

(16)

whereκisaconstant,qthesignedchargeinunitsoftheelementarycharge,Pthe

absolutevalueofthemomentum,andBthemagneticfield.
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Thevertexfit

oForthevirtualmeasurements(i.etheresultsofthesingletrackfit)itiscommon

practice,atleastinthebarrelregionofacolliderdetector,tochoosethefollowing

quantities(possiblyaftersometransformationswith’errorpropagation’)

p1=(RΦ)r,p2=zr

p3=ϕror
b

(ϕr−Φr),p4=tanλr

p5=(
1

hRH)r

9

>>
=

>>
;

(17)

with(RΦ)r,zrthecylindercoordinatesoftheintersectionpointwiththereference

zylinder,ϕr,λrtheazimuthanddipangleofthedirectionandRHtheradiusofthe

projectedhelix.NotethatRHisproportionaltothetransversemomentum.h=±1is

thesenseofrotation.

b
forbetteruseoftherotationalinvariance
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Thevertexfit

oThetrackmodelusedduringthevertexfitisalinearvariationaroundthetrack

definedbytheexpansionpointx0,qk,0followingthefomulaforahelix.Theexpansion

pointshouldbechoseninthevincinityofthepossibleintersectionofallhelicesfrom

thesamevertex:

x(s)=x0+RH

h

cos
“

Ψ0+
scosλ
hRH

”

−cosΨ0

i

y(s)=y0+RH

h

sin
“

Ψ0+
scosλ
hRH

”

−sinΨ0

i

z(s)=z0+ssinλ

9

>>
>=

>>
>;

orwithϕ(s)=
scosλ

hRH

:

x(ϕ)=x0+hRH(sinϕ−sinϕ0)

y(ϕ)=y0−hRH(cosϕ−cosϕ0)

z(s)=z0+hRH·tan[λ·(ϕ−ϕ0)]

9

>>
=

>>
;

(18)
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Thevertexfit

Figure7:

ϕ=Ψ+h
π
2

(a)Foraconstantmagneticfieldparalleltothezaxis,thesolutionoftheequationofmotionisa

helix.Theprojectiononthexyplaneisacircle,whichischosenherewithapositivesenseofrotation

(h=+1).

(b)Projectedhelixwithnegativesenseofrotation(h=−1).Theprojectedcurvatureis
1

RH
andthe

curvatureinspace
“

≡

˛

˛

˛

d
2
x

ds2

˛

˛

˛

”

iscos
2λ

RH
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Thevertexfit

3.3Tests

oAllpreviouslysaidconcerningthepropertiesoftheLSMrequiresofcoursethatthe

assumptionmadeforthe’ingredients’tobesufficientlyclosetoreality:

–Virtualmeasurements

∗nobias

∗’errors’(inthesenseoftheircovariancematrix)wellunderstood

–Trackmodel

∗correctbasicmodel(includingthepreciseknowledgeofthemagneticfield)

∗properchoiceofvariablesappropriateforalinearexpansion,andofcoursea

reasonableexpansionpoint
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Thevertexfit

Figure8:’Ingredients’and’recipe’ofthevertexfit
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Thevertexfit

oTest1:The’χ
2
’anditsdistribution:Themathematicaldefinitionofthe

’χ
2
’-distributionwithndegreesoffreedomistheprobabilityfunctionofthesquareof

theradiusvectorofann-dimensionalnormalstandarddistribution.Inthecaseofan

estimationofalinearmodelandnormallydistributederrors,theχ
2
-distributionhas

n−mdegreesoffreedom,wheremisthenumberoffreeparameters,i.e.M(p̃)(see

alsoequation(3))obeysaχ
2
-distribution.Iftheerrorsarenotnomallydistributed,

buttheweightischosenastheinverseofthecovariancematrix,thedistribution

’pseudo-χ
2
’willbeadistortedχ

2
-distribution,withanexpectationofthe<χ

2
>,still

correspondingtothenumberofdegreesoffreedom,namelyn−m(equivalenceclass

uptosecondorderaverages).

oTheχ
2

isdefinedas(seealso(3),(9)and(11)):

Mvertex(x,q1,...qn)=
“

∆x
T
,∆q

T
1,...∆q

T
n

”“

D
T
GD
”−1

(...)(19)

oTest2:The’pullquantities’(ingeneralcalledstretchquantities).

Whiletheglobalχ
2
-testisdefinedtotestthehypothesisforthesetoftracksemerging

formeoneinteractionvertex,thepullquantitiesgivesomeindicationofwhicharethe

mostincompatiblevirtualmeasurements.Theresidualsbetweenthefittedtracksand

M.ReglerLecture25



Thevertexfit

thetruevaluesareaccessibleonlyinsimulateddata,whiletheresidualswithrespect

tothemeasuredvaluesareofcourseavailablefromdata,too.

Thecovariancematrixfortheresultingresidualsiscalculatedbyerrorpropagation

V=G
−1
−D(D

T
GD)

−∞
D

T
(20)

withthepullquantities

(virtualmeasurement-impactoffittedtrack)i
√
Vii

(21)

oThetestquantitieshaveatwofoldmeaning:Theoverallcorrectnessofthefit

procedure(andthereforealsoofthe’ingredients’)areconfirmedbythecorrect

probabilitydensityfunctions,whilefortheindividualeventlargeχ
2
sorexcessivepull

quantitiesareconsideredasawarning,asmostofthepossiblemistakes(goingbackas

muchastoabackgroundfitinthesingletrackreconstruction)increasethese

quantities.Othercharacteristicsthanexcessivepullquantitiesforlowmomentscanbe

alsoahintthatmultiplescatteringisunderestimatedinthecovariancematrix.
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TheKalmanfilter

4TheKalmanfilter

4.1AdvantagesoftheKalmanfilter

oIntheclassicalapproach,aglobalvertexfitinvolvestheinversionofa

(3n+3)×(3n+3)matrix,requiringO(n
3
)arithmeticoperationsandthusbecoming

prohibitiveincaseofhightrackmultiplicities.However,thisfactisnotsodramaticas

inthesingletrackfitprocedurewheretheblockstructureofthecovariancematrixis

lostbecauseoftheoffdiagonaltermsintroducedbymultiplescattering.

oTheKalmanfilterandsmootherrequireonlyO(n)operationsforthefit,resp.O(n
2
)

operationsifthefullcovariancematrixisneeded.Inaddition,theyprovideagoodtest

criteriumfordiscriminatingbetweentracksoriginatingfromthisvertexagainsttracks

belongingtoanothervertexortobackground(‘outlierproblem’).
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TheKalmanfilter

4.2Systemandmeasurementequation

oInitially,thestatevectorconsistsonlyofthepriorinformationaboutthevertex

positionx0,anditscovariancematrixC0.

–Incaseoftheprimaryvertex,thatinformationmaybeobtainedfromthebeam

interactionprofile.

–Ifnosuchinformationisavailable,x0isarbitrary,andC
−1

0issettozero.

oForeachtrack,thestatevectorisaugmentedbythe3-momentumvectorqk.Forthe

linearizedtrackmodelsee(9).

oContrarytothesinglefitthereisno‘processnoise’,andthesystemequationforthe

vertexpositionissimplytheidentity:

xk(xk−1)=xk−1=:x(22)

oThemeasurementequation,aftersubstractingtheinhomogeneousconstantsckis

pk=Akx+Bkqk(23)

seeequ.(9)
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TheKalmanfilter

oAddinganewtracktoavertexfittedwithk−1trackssofar:

x̃k=Ck[C
−1

k−1x̃k−1+A
T
kG

B
kpk],

a

cov(x̃k)=Ck=(C
−1

k−1+A
T
kG

B
kAk)

−1
,

withG
B
k=Gk−GkBkWkB

T
kGk.(24)

oNowthetrackscanbecalculated.

q̃k=WkB
T
kGk(pk−Akx̃k),

b

cov(q̃k)=Dk=Wk+WkB
T
kGkAkCkA

T
kGkBkWk=

c

=Wk+E
T
kC

−1

kEk,

cov(x̃k,q̃k)=Ek=−CkA
T
kGkBkWk,

withWk=(B
T
kGkBk)

−1

1.Theblockstructureofthetotalcovariancematrixofallvirtualmeasurements

facilitatestoaddanewtrackktoavertexalreadyfittedwithk−1tracks,

allowingfeasiblestrategiestodealwithcomplextopologies:
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TheKalmanfilter

Thisisinfactjustaweightedmean.Thefirsttermistrivialandcontainsthe

vertexinformationfromk−1tracks.Thesecondtermaddstheinformationas

obtainedfromthenewtrack(containedinthekthvirtualmeasurement)andused

fortheimprovementofthevertexposition.

2.Thenextstepevaluatesthemomentumqkatthevertex(notethatx̃kandq̃kare

notthefinalestimates,butonlytheinformationofthek−1previoustracksplus

thisonethathavebeenimplementedsofar.Theimplementationofthefull

informationisdonebythesmoother(seebelow).

3.Asusualthecovariancematricesareobtainedbyerrorpropagation.Again,the

formulaaredrasticallysimplifiedbytheblockstructureoftheglobalerrormatrices

ofthevirtualmeasurements.

oTheresidualswithrespecttothevirtualmeasurementsare:

rk=pk−Akx̃k−Bkq̃k,

oThereisausefulquantitywhichchecksthecompatibilityoftheaddedtrackwiththe
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TheKalmanfilter

previousones,the’Filterχ
2
’ofthistrack.

χ
2

k,F=(x̃k−x̃k−1)
T
C

−1

k−1(x̃k−x̃k−1)+r
T
kGkrk,

oThetotalχ
2

isevaluated,itwouldalsohavebeenobtainedfromaglobalvertexfit

withthektracksconsideredsofar:

χ
2

k=χ
2

k−1+χ
2

k,F

oThechi-squaresofthefilterstepχ
2

k,Fhavetwodegreesoffreedom.Theyare

independentrandomvariables.Thecurrenttotalchi-squareofthefit,χ
2

k,has2k

degreesoffreedomifthereispriorinformationonthevertexposition,and2k−3

degreesoffreedomotherwise.

oTheKalmanfilterstepisrepeateduntilthelasttracknhasbeenaddedtothevertex

fit.

oDuetothesimpleformofthesystemequation,thefinalestimateofthevertex

positionafterinclusionofntrackscanactuallybecomputedin“onego”:
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TheKalmanfilter

x̃n=Cn[C
−1

0x0+

nX

k=1

A
T
kG

B
k(pk−ck,e)],(25)

cov(x̃n)=Cn=(C
−1

0+

nX

k=1

A
T
kG

B
kAk)

−1
.(26)

(27)

4.3Thesmoother

oAsthereisnoprocessnoise,itrequiresnomorethanrecomputingmomentumvectors

andcovariancematriceswiththefinalestimateofthevertexposition(upperscriptn

meansthattheinformationofallntrackshasbeenimplemented):
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TheKalmanfilter

q̃
n
k=WkBk

T
Gk(pk−Akx̃n),(28)

cov(q̃
n
k)=D

n
k=Wk+WkBk

T
GkAkCnAk

T
GkBkWk=

=Wk+E
n
k

T
C

−1

nE
n
k,(29)

cov(x̃n,q̃
n
k)=E

n
k=−CnAk

T
GkBkWk.(30)

oIfrequired,thefullcovariancematrixandthetotalchi-squarecanbecomputedafter

smoothing:

cov(q̃
n
k,q̃

n
j)=WkBk

T
GkAkCnAj

T
GjBjWj=E

n
k

T
C

−1

nE
n
j,k6=j,(31)

r
n
k=pk−Akx̃n−Bkq̃

n
k,(32)

χ
2

n=(x0−x̃n)
T
C

−1

0(x0−x̃n)+
nX

k=1

r
n
k

T
Gkr

n
k,(33)
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5Efficientrobustificationagainstoutliersand

background

5.1Definitionofoutliersforsingletrackfitandvertexfit

oForasingletrackwecandefinetworeasonsforoutliers:

–’outliers’whichhavebeengeneratedbytheparticleunderinvestigation,butwith

anerrormuchlargerthanexpectedfromtheindividualdetector.Themost

commonprocesstogeneratesuchoutliersisthepresenceofenergeticelectrons

(δ-rays)ingaseousandsemiconductordetectors.

–Themeasuredcoordinateisanoisesignalthatwaswronglyassociatedwiththe

trackbythepatternrecognition;itcanbeeithergenuinedetectornoise,orpicked

upfromanotherparticle’ssetofmeasurements.
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IntheframeworkoftheLSMtheoutlierproblemcouldbehandledgloballyby

modifyingtheerrormatrixbyincludingthecontributionofoutliers,thusensuring

theproperpropagationoferrors.However,inmostcasesthiswouldspoilthe

overallresolution,andtheχ
2

wouldbedistorted,sothataχ
2
-cutwouldbe

non-transparentandcouldspoiltheoverallnormalizationand-ifcorrelatedwithp̃

-introduceabias.

oIncaseofasingletrackfittheoptimalresolutionisobtainedbyacarefulbalance

betweenremovalanddownweigthing.Notethatthisisasubtledeviationfromthe

linearityoftheestimation,andthe’GaussMarkov’theoremisnomoreapplicable.

oForthevertexfitthesituationofoutliersisdifferent.Ingeneral-ifthedetectorworks

wellandthepatternrecognitionprogramiswelltuned-allvirtualmeasurements

shouldbelongtotracksfromrealparticles.Outliersoriginateby:

–Virtualmeasurementsdistortedbythesingletrackfitprocedurebybaddetector

informationand/orbythesingletrackalgorithm

–Genuineoutliersarenowthetracksbelongingtoanothervertexthantheone

underinvestigation.Therefore-ifweneedthefullexclusivetopology-removal

impliestheobligationtoassociateitwithanothervertex!
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5.2Robustificationstrategies

5.2.1Thecombinatorialapproach

oAsymmetrictestusesthechi-squareofthesmoother,whichhastwodegreesoffreedom

aswellasthechi-squareofthefilter.Theestimateresultsfromremovingtrackkfrom

thefittedvertexbyan“inverseKalmanfilter”,using−GkinsteadofGk
a
:

x̃
n∗

k=C
n∗

k[C
−1

nx̃n−Ak
T
Gk

B
pk],(34)

cov(x̃
n∗

k)=C
n∗

k=(C
−1

n−Ak
T
Gk

B
Ak)

−1
,(35)

χ
2

k,S=(x̃n−x̃
n∗

k)
T
(C

n∗

k)
−1

(x̃n−x̃
n∗

k)+r
n
k

T
Gkr

n
k.(36)

a
notethefulleffectonWkandG

B
kaswell!
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oIncontrasttothefilter,thesmoothedchi-squaresχ
2

k,Sarenolongerindependentand

thereforedonotsumuptothetotalχ
2
.Buttheyareamorepowerfultestandoffera

moresymmetrictestcriteriumthanthefilteredχk,F.Ifthereareseveraloutliertracks

however,theestimatesx̃
n∗

karebiasedbytheremainingoutliers,andthepowerofthe

testdecreases.

oThebasicbutcostlystrategyforthereconstructionofamultivertextopologywouldbe:

–assemblingthetrackstovertices

–fittingtheverticesbyaKalmanfilter

–definingasetoftrackswithlargesmoothedχ
2

–tryingtoassemblethetracksfromthesetchosenabovetotheclosestcompetitive

vertexiflyingonthesamesideastheresidual,orsomeothertrivialchecks

–makingafinaldecision

oThebottleneckofthismethodisthattheverticesfittedinafirstapproachmighthave

beenstronglydistortedbyoneormorewronglyassociatedtracks,thereforethecostly

combinatorialapproachmustbeiterated.
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oThemethodcouldbemademoreefficientlybydownweightingtheoutliersduringthe

firstrun,thusmakingthefirstrunmorestableagainstwronglyassociatedtracks.A

wellknownmethodistheM-Estimator.

5.2.2TheM-estimator

oIfonlyonevertexisexpectedstraightforwardmethodscanbeappliedtogetarobust

estimationofthevertexposition.Thisimpliesofcoursethatsufficienttracksare

availabletocompetewiththeoutliers.Theknowledgeoftheinteractionprofileis

furtherimportantinformationstabilisingtheestimateofthepositionofa(primary)

vertexandthecorrelatedmomenta.

oTheideaistomodifytheobjectiveFunctionM(equ.(3)forsingletrackfit,equ.(8)

and(19)forthevertexfit)sothatoutliershavelessinfluenceontheestimateby

downweightingthemeasurementsoflargeresiduals.Notethat,althoughthetrack

modelisstilllinear,thedownweightingprocedureisadeviationfromtheclassoflinear

estimators.
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oFortheM-estimatortheerrormatrixmustbediagonalised.ThereforetheM-estimator

isespeciallysuitableforthevertexfit,becauseno(virtual)measurementsfromthe

individualtrackstransformintoeachother
b
.

oTheM-estimatorisbasedonageneralizedobjectivefunction:

M(x)=

nX

i=1

Ψ(ri/σi),(37)

oΨ(t)isafunctionspecifiedintermsofitsderivativeψ(t)=dΨ/dt:

–Ifψ(t)=t,weobtaintheL2-(least-squares)estimator.

–Ifψ(t)=sgn(t),weobtaintheL1-estimator.

–Ifψ(t)=Huber’sfunction,weget“our”M-estimator:

b
Thiswouldbethecaseforthecoordinatesofthesingletrackfitinthepresenceofmultiple

scattering.
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ψ(t)=

8

<

:

t,|t|≤R
R·sgn(t),|t|>R.

(38)

(R=constantofrobustness,usuallychosenbetween1and3).

oMisminimizedwithrespecttox:

∂M/∂xj=

uX

i=1

(ri/σi)·(aijwi/σi)=0,j=1,...,m,(39)

with

wi=
ψ(ri/σi)

ri/σi

=

8

<

:

1,|ri|≤Rσi

Rσi/|ri|,|ri|>Rσi.
(40)
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oTheM-estimatorisformallyidenticaltoaleast-squaresestimatorwithmodified

weightswi/σ
2

i,thusdownweightingthecontributionoflargeresidualstotheobjective

functionM.

oTheestimatecannotbecomputedexplicitely,astheweightsdependontheunknown

residualsri.Thereforeonehastoresorttoaniterativeprocedure:

–Theinitialestimateiscomputedbyordinaryleast-squares,correspondingtowi=1

foralli.

–Theestimateofiterationk−1isusedtocomputeresidualswhicharethenusedto

computetheweightsforiterationk.

–Theiterationisstoppedassoonasthereisnosignificantchangeintheminimum

valueoftheobjectivefunctionM.
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Figure9:M-estimatorfunctionsΨ,ψandextraweightwi(ri/σi)forR=1.5
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5.2.3Outlook:Deterministicannealingfilter(DAF)

oTrackswhichcannotberegardedasbelongingtoacertainvertexhavealargeinfluence

ontheestimatedvertexposition.Whatisthereforeneededisarobustfilterwhich

reducestheinfluenceofwronglyassociatedtracksontheestimatedvertexpositionand

whichgivessomequantitativeindicationoftheincompatibilitybetweenthem.

oForaprimaryvertexthesituationislesscriticalastheinteractionprofilerobustifies

thevertexposition.Butforthedistinctionoftheverticesofrelativelyshortlived

particlessuchascharm-andbottomquarkmesonsagoodrobustificationisessential

toavoidlargecombinatorialoverhead.

othemainrequestistofindareweightingprocedurewhichneedsonlyasmallnumberof

iterationsbeforemakingfinaldecisions.

oOnewayofcheckingasetoftracksforthequalityofassociationtoavertexwasthe

’smoothed’χ
2

(seeequ(36));thecorrelationwithothertracksistherebutisrelatively

small.Theproblemofthistestisthatitlosesitspowerifthereareseveraloutliers.
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oTheM-estimatorisavalidwayouttostabiliseasinglevertexorahigh-multiplicity

primaryvertexagainstoutliers,butforsecondaryverticestherearetwodrawbacks:

–Thedownweightingisnoteffectiveenough

–Thereisnoassignmentprobabilityforamulti-vertexassignmentstrategy

oAwayoutistocalculatean’associationprobability’asafunctionofthesmoothed

χ
2
,a’cutoff’parameterχ

2

cutoffandaso-called’temperature’T;χ
2

cutoffandTare

tunable.Theideafollowsananalogytothermodynamics,andin-depthstudiesforthe

CMS-detectorareunderway(R.Frühwirth,Hephy,Vienna,privatecommunication):

pk=
e
−

χ2
k

2T

e
−

χ2
cutoff

2T+e
−

χ2
k

2T

(41)

V
−1

k←pkV
−1

k

oThisweightfunctionhasthefollowingproperties:

–χ
2

cutoff→∞meansthatallpk≡1,andthefitdegeneratestothestandardLSM

procedure
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–T→0meansafixedcutvolumeχ
2

cutoff(stepfunction)whichresultsina’hard’

assignment,namely0or1.
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Figure10:Associationprobabilitydependingontheχ
2

k,Sofacertaintrack.Herewe

seethegraphsforT=0andT6=0.

M.ReglerLecture45



Efficientrobustificationagainstoutliersandbackground

oApossiblestrategyforamultivertexfitterwouldconsistofseveralsteps:

–inafirststepaclassicalapproachfortheexperimentofexclusiveandexhaustive

subsets(’clusters’)isperformed

–thenaKalmanfilterisappliedtoeachsubset

–obviousmis-associationsaresortedoutbyacombinatorialapproach,andthe

contentofthesubsetswillberefined.

oInthenextstep,theoverallsetisusedagain.Theessentialpointisnowthat

accordingtothenumberofpresumedvertices(i=1...nv)nvoverallfitsare

performed.Theassignmentprobability(orweightfunction)withtwoindices,

wik=
e
−

χ2
ik

2T

e
−

χ2
S,cutoff

2T+
nvP

k=1

χ
2

ik

(42)

whereiistheindexoftherespectivevertex.Thetrackscomingfromdifferentvertices

arenowdrasticallydown-weighted.
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oAnumberofiterationsisperformed.Duringtheiterations,inadditiontothecut

valueχ
2

S,cutoffalreadychosen,thetemperaturecanalsobeadjusted.Howevermore

experiencehastobegained,andthetuningwillcertainlybeverydifferentfordifferent

vertexeventtopologies,asexpectede.g.atBfactoriesorformulti-eventpatternsas

expectedatLHC.
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•Regler,M.andFrühwirth,R.(1990):ReconstructionofChargedTracks.In:Concepts

andTechniquesinHighEnergyPhysikcsV,PlenumPublishingCooperation,New

York,Ed.T.Ferbel
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